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Abstract
A triple system of order v +w and index  embeds a P3-design on v points if there is a subset of v points on which the K3-blocks
induce the blocks of a P3-design. In this paper is settled the minimum embedding of a P3-design of order v into a TS(v + w, ).
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction and deﬁnitions
Let G be a ﬁnite and simple graph.A G-design of order v and index  is a pair (V ,B)where V is the vertex set ofKv
andB is a collection of isomorphic copies of the graph G, called blocks, which partition the edges of Kv . A G-design
is balanced if each point belongs to exactly the same number of blocks. For terms not deﬁned in this paper or results
not explicitly cited the reader is referred to CRC Handbook of Combinatorial Designs [1]. A path design P(v, s, 1) is
a Ps-design of Kv , where Ps is the simple path with s − 1 edges, [a1, a2, . . . , as]= {{a1, a2}, {a2, a3}, . . . , {as−1, as}}.
We denote byH(v, s, 1) a balanced P(v, s, 1). Tarsi [15] proved that a P(v, 3, 1) exists if and only if v ≡ 0, 1 (mod 4).
Hung and Mendelsohn [6] proved that a H(v, 3, 1) exists if and only if v ≡ 1 (mod 4).
Let H be a subgraph of G, and let V ⊆ W . We say that a H-design (V ,D) of order v and index  is embedded into
a G-design (W,B) of order v + w and index , , if there is an injective function f :D → B such that B is an
subgraph of f (B) for every B ∈ D. The mapping f is called the embedding of (V ,D) in (W,B).
If H = G then we obtain the usual embedding of G-designs.
Recently the embedding problem of a H-design into a G-design has been considered when H has h vertices and
G has h + 1 vertices for h = 2, 3, see [2–5,8–13]. In this paper we are interested in embedding a P(v, 3, 1) into the
minimum possible TS(v + w, ), 2. In particular, we will prove the following results.
Main Theorem. Let v ≡ 0, 1 (mod 4). Then there exists a minimum TS(v + w, ) which embeds, for v ≡ 0 (mod 4),
a P(v, 3, 1) and, for v ≡ 1 (mod 4), a H(v, 3, 1) if the conditions in Table 1 are satisﬁed.
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Table 1
v 2 w
1, 9 (mod 12) No constraint 0
5 (mod 12) 0, 3 (mod 6) 0
5 (mod 12) 2, 4 (mod 6) 1
5 (mod 12) 1, 5 (mod 6) 2
0 (mod 12) 0, 2, 4 (mod 6) 0
0 (mod 12) 1, 3, 5 (mod 6) 1
4 (mod 12) 0, 2, 4 (mod 6) 0
4 (mod 12) 3 (mod 6) 1
4 (mod 12) 1, 5 (mod 6) 3
8 (mod 12) 0 (mod 6) 0
8 (mod 12) 1, 2, 3, 4, 5 (mod 6) 1
2. Preliminaries and necessary conditions
In this section we determine necessary conditions for the existence of embeddings of aP(v, 3, 1) into a TS(v+w, ).
Lemma 2.1. Let v ≡ 0, 1 (mod 4). If a P(v, 3, 1) is embedded into a TS(v+w, ) then, for 3,w0 and for =2,
w(v + 1 − √3v + 1)/2 or w(v + 1 + √3v + 1)/2.
Proof. Let v ≡ 0, 1 (mod 4). Suppose that we embed a P(v, 3, 1) into a TS(v + w, ). By counting the edges from
the v points to the remaining w points, we must have
1
2
vw
[

(v + w)(v + w − 1)
6
− v(v − 1)
4
]
which is equivalent to
2w2 − 2(v + 1)w + (2 − 3)v(v − 1)0. (1)
For 3 and v > 4, since 2(2 − 3) and −v2 + 4v + 1< 0, the discriminant $ of this quadratic equation is
$ = 2(v + 1)2 − 2(2 − 3)v(v − 1)(2 − 3)(−v2 + 4v + 1)< 0, hence the (1) is satisﬁed for any w0. For
= 3 and v = 4 the inequality (1) can be rewritten as 6w2 − 30w + 360, which is satisﬁed for any w0. For 3
and v=4 the inequality (1) can be rewritten as w2 −5 w+6(2−3)0, which is satisﬁed for any w0. For =2,
the inequality (1) can be rewritten as 4w2 − 4(v + 1)w + v(v − 1)0. Solving for w this last inequality we have the
proof. 
We complete this section by collecting some results which will be useful later on.
Lemma 2.2. There exists a decomposition (V ,T) of K2,2,2, 2, into triples which embeds a balanced decompo-
sition (V ,D) of K2,2,2 into paths with 2 edges.
Proof. Let V (K2,2,2) = {a, b} ∪ {1, 2} ∪ {x, y}. Put:
D= {[1, a, x], [2, b, y], [x, 1, b], [y, 2, a], [2, x, b], [1, y, a]},
M= {{1, a, x}, {2, b, y}, {x, 1, b}, {y, 2, a}, {2, x, b}, {1, y, a}, {1, y, b}, {2, x, a}} and
N= {{a, 1, x}, {a, 2, y}, {b, 1, y}, {b, 2, x}}.
LetT be the set of triples containing a copy ofM and  − 2 copies ofN. Then it is easy to see that (V ,T) embeds
(V ,D). 
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Lemma 2.3. Let v ≡ 0, 4, 6 (mod 12). Then every TS(v, 2) can be embedded in some TS(v + w, 3) for w = 1, 3.
Proof. When w = 1, the statement is established in [7]. For w = 3, let (U,C) be a TS(v, 2). By the well-known
Stern and Lenz result [14] Kv can be decomposed into a set of triangles T and three 3-factors F1, F2 and F3. Let
V ={∞1,∞2,∞3} ∪U , deﬁneA= (⋃3i=1{{∞i , x, y} : {x, y} ∈ Fi}, andB= 3{∞1,∞2,∞3} ∪A∪T∪C. Then
it is easy to se that (V ,B) is a TS(v + 3, 3) which embeds the TS(v, 2) (U,C). This completes the proof. 
3. Proof of Main Theorem for v ≡ 1, 9 (mod 12)
Lemma 3.1. There exists a TS(v, 2) (V ,B) which embeds a H(v, 3, 1) (V ,D) for v = 9, 13, 21, 25.
Proof.
v = 9: Let V = Z9. The block set D is given by
D= {[0, 1, 4], [7, 3, 1], [8, 3, 5], [8, 1, 2], [5, 2, 3], [0, 2, 6], [3, 4, 6], [2, 4, 5], [1, 6, 8], [3, 6, 7],
[4, 8, 7], [0, 8, 2], [8, 5, 7], [1, 5, 6], [0, 7, 1], [2, 7, 4], [5, 0, 6], [3, 0, 4]}.
The block set B is given by
B= {{x, y, z} : [x, y, z] ∈ D} ∪ {{0, 7, 5}, {0, 8, 3}, {1, 2, 3}, {1, 4, 5}, {2, 6, 7}, {4, 6, 8}}.
v = 13: Let V = Z13. The base blocks of D are [0, 1, 3], [0, 3, 7] and [0, 5, 11]. The base blocks of B are {0, 1, 3},
{0, 3, 7}, {0, 5, 11} and {0, 5, 4}.
v = 21: Let V = Z7×Z3. The block setD is given by:D={[0i , 3i , 2i], [0i , 6i+1, 3i], [0i , 2i+1, 4i+1], [0i , 2i+2, 5i+1],
[0i , 0i+2, 6i+1], i ∈ Z3}. The base blocks of B is given by
B= {{x, y, z} : [x, y, z] ∈ D} ∪ {{00, 11, 42}, {00, 21, 31}, {01, 12, 22}, {02, 10, 20}, {00, 01, 02}}.
v = 25: Let V =Z25. The base blocks ofD are [0, 3, 1], [0, 7, 12], [0, 11, 20], [0, 10, 22], [0, 6, 10] and [0, 8, 9]. The
base blocks of B are {0, 3, 1}, {0, 7, 12}, {0, 11, 20}, {0, 10, 22}, {0, 6, 10}, {0, 8, 9}, {0, 2, 8} and {0, 4, 11}.

Lemma 3.2. There exists a decomposition of 2K13 into a set of triplesT which embeds a H(13, 3, 1) (V ,D) and a
2-factorF missing a vertex of K13.
Proof. Let V = Z13. The base blocks set of D are [0, 12, 2], [0, 5, 9], [0, 2, 8].
The block setT is given by
T= {{i, 12 + i, 2 + i}, {i, 5 + i, 9 + i}, {i, 2 + i, 8 + i}, i ∈ Z13} ∪ {{0, 3, 10}, {1, 4, 11}, {1, 7, 8}, {3, 6, 9},
{4, 7, 10}, {12, 0, 6}, {12, 11, 5}, {12, 2, 9}, {2, 5, 8}}.
The 2-factorF is given by
F= {{0, 7}, {1, 2}, {3, 4}, {5, 6}, {8, 9}, {10, 11}, {0, 1}, {9, 10}, {2, 3}, {6, 7}, {4, 5}, {8, 11}}. 
Theorem 3.3. Let v ≡ 1 (mod 12). Then there is a TS(v, 2) which embeds a H(v, 3, 1).
Proof. Write v = 1 + 12h. By Lemmas 3.1 we may assume that v37. Let (U,G,C) be a 3-GDD of type 6h (For
basic facts on 3-GDDs see [1]). Let V = {∞} ∪ (U × {0, 1}) and deﬁne a collection of triples B as follows:
1. For each g ∈ G construct, on the set {∞} ∪ (g × {0, 1}), a copy of a TS(13, 2) which embeds a H(13, 3, 1) (see
Lemma 3.1) and place these triples in B.
2. For each block {x, y, z} ∈ C construct, on the set {(x, 1), (x, 2)} ∪ {(y, 1), (y, 2)} ∪ {(z, 1), (z, 2)}, a copy of a
decomposition of 2K2,2,2 into triples which embeds a balanced decomposition of K2,2,2 into paths with two edges
(see Lemma 2.2) and place these triples in B.
It is easy to see that (V ,B) is a TS(v, 2) which embeds a H(v, 3, 1). 
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Lemma 3.4. There exists a TS(33, 2) (V ,B) which embeds a H(33, 3, 1) (V ,D).
Proof. Let (U,G,C) be a 3-GDD of type 44 (see [1]). Let V = {∞} ∪ (U × {0, 1}) and deﬁne a collection of triples
B as follows:
1. For each g ∈ G construct, on the set {∞} ∪ (g × {0, 1}), a copy of a TS(9, 2) which embeds a H(9, 3, 1) (see
Lemma 3.1) and place these triples in B.
2. Proceed as in (2) of Theorem 3.3
It is easy to see that (V ,B) is a TS(33, 2) which embeds a H(33, 3, 1). 
Theorem 3.5. Let v ≡ 9 (mod 12). Then there is a TS(v, 2) which embeds a H(v, 3, 1).
Proof. Write v = 9 + 12h. By Lemmas 3.1 and 3.4 we may assume that v45. Let (U,G,C) be a 3-GDD of type
6h41 (see [1]). Let V = {∞} ∪ (U × {0, 1}) and deﬁne a collection of triples B as follows:
1. For each g ∈ G of size 6 proceed as (1) in the proof of Theorem 3.3. For the group u of size 4 construct, on the set
{∞} ∪ (u × {0, 1}), a copy of a TS(9, 2) which embeds a H(9, 3, 1) (see lemma 3.1) and place these triples in B.
2. Proceed as in (2) of Theorem 3.3.
It is easy to see that (V ,B) is a TS(v, 2) which embeds a H(v, 3, 1). 
Theorem 3.6. Let v ≡ 1, 9 (mod 12), v 	= 21. Then there is a TS(v, ), 2, which embeds a H(v, 3, 1).
Proof. When  = 2, the statement is established by Theorems 3.3 and 3.5. For 3, let (V ,B) be a TS(v, 2) which
embeds a H(v, 3, 1) and (V ,A) be a TS(v, −2). It is easy to see that (V ,B∪A) is a TS(v, ), 2, which embeds
a H(v, 3, 1). 
4. Proof of Main Theorem for v ≡ 5 (mod 12)
Lemma 4.1. There exists a TS(v + 1, 2) (V ,B) which embeds a H(v, 3, 1) (U,D) for v = 5, 17, 29.
Proof.
v = 5: Let U = Z5 and V = {∞} ∪ U . The base block (mod 5) of D is [0, 1, 3]. The base blocks of B are {0, 1, 3},
and {∞, 0, 1}.
v = 17: Let U = Z17 and V = {∞} ∪ U . The base blocks (mod 17 of D are [0, 1, 3], [0, 3, 7], [0, 5, 11], [0, 7, 15].
The base blocks of B are {0, 1, 3}, {0, 3, 7}, {0, 5, 11}, {0, 7, 15}, {0, 4, 5}, {∞, 0, 8}.
v = 29: Let U = Z29 and V = {∞} ∪ U . The base blocks (mod 29) of D are [0, 1, 3], [0, 3, 7], [0, 5, 11], [0, 7, 15],
[0, 9, 19], [0, 11, 23], [0, 13, 27]. The base blocks ofB are {0, 1, 3}, {0, 3, 7}, {0, 5, 11}, {0, 7, 15}, {0, 9, 19},
{0, 11, 23}, {0, 13, 27}, {0, 12, 13}, {0, 4, 9}, {∞, 0, 8}. 
Lemma 4.2. There exists a TS(5, 3) (V ,B) which embeds a H(5, 3, 1) (V ,D).
Proof. Let V = Z5. The base block of D is [0, 1, 3]. The base blocks of B are {0, 1, 3}, {0, 1, 2}. 
Theorem 4.3. Let v ≡ 5 (mod 12). Then there is a TS(v + 1, 2) which embeds a H(v, 3, 1).
Proof. Write v = 5 + 12h. By Lemma 4.1, we may assume that v41. Let (U,G,C) be a 3-GDD of type 6h21 (see
[1]). Let V = {∞1,∞2} ∪ (U × {0, 1}) and deﬁne a collection of triples B as follows:
1. For each g of cardinality 6 construct, on the set {∞1}∪ (g×{0, 1}), a decomposition of 2K13 into a setL of triples
which embeds aH(13, 3, 1) and a 2-factorFg on (g×{0, 1}) (see Lemma 3.2). PlaceL∪{{∞2, x, y}, [x, y] ∈ Fg}
in B.
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2. For the group u of size 2 construct, on the set {∞1,∞2} ∪ (u × {0, 1}), a copy of a TS(6, 2) which embeds a
H(5, 3, 1) (see Lemma 4.1) and place these triples in B.
3. Proceed as in (2) of Theorem 3.3.
It is easy to see that (V ,B) is a TS(v + 1, 2) which embeds a H(v, 3, 1). 
The following theorem can be prove in a similar way as Theorem 3.6.
Theorem 4.4. Let v ≡ 5 (mod 12). Then there is a TS(v + 1, ),  ≡ 2, 4 (mod 6), which embeds a H(v, 3, 1).
Theorem 4.5. Let v ≡ 5 (mod 12). Then there is a TS(v, 3) which embeds a H(v, 3, 1).
Proof. Write v = 5 + 12h. By Lemma 4.2 we may assume that v5. Let (U,G,C) be a 3-GDD of type 21+3h, h> 0
(see [1]). Let V = {∞} ∪ (U × {0, 1}) and deﬁne a collection of triples B as follows:
1. For each group g ∈ G construct, on the set {∞} ∪ (g × {0, 1}), a copy of a TS(5, 3) which embeds a H(5, 3, 1)
(see Lemma 4.2) and place these triples in B.
2. For each block {x, y, z} ∈ C construct, on the set {(x, 1), (x, 2)} ∪ {(y, 1), (y, 2)} ∪ {(z, 1), (z, 2)}, a copy of a
decomposition of 3K2,2,2 into triples which embeds a balanced decomposition of K2,2,2 into paths with 2 edges
(see Lemma 2.2) and place these triples in B.
It is easy to see that (V ,B) is a TS(v, 3) which embeds a H(v, 3, 1). 
Theorem 4.6. Let v ≡ 5 (mod 12). Then there is a TS(v + 2, 3) which embeds a H(v, 3, 1).
Proof. By Theorem 4.3 there exists a TS(v + 1, 2) which embeds a H(v, 3, 1). The conclusion then follows from
Lemma 2.3. 
The following theorem can be prove in a similar way as Theorem 3.6.
Theorem 4.7. Let v ≡ 5 (mod 12). Then there is a TS(w, ), 2, which embeds a H(v, 3, 1), where w = v for
 ≡ 0, 3 (mod 6), w = v + 1 for  ≡ 2, 4 (mod 6) and w = v + 2 for  ≡ 1, 5 (mod 6).
5. Proof of Main Theorem for v ≡ 0, 4 (mod 12)
Lemma 5.1. There exists a TS(v, 2) (V ,B) which embeds a P(v, 3, 1) (V ,D) for v = 4, 12.
Proof.
v = 4: Let V = Z4, D= {[0, 1, 3], [0, 2, 1], [0, 3, 2]} and B= {{0, 1, 3}, {0, 2, 1}, {0, 3, 2}, {1, 2, 3}}.
v = 12: Let V =Z11 ∪ {∞}. The base blocks (mod 11 ofD are [∞, 0, 3], [0, 2, 7], [0, 1, 5]. The base blocks (mod 11
of B are {∞, 0, 3}, {0, 2, 7}, {0, 1, 5}, {0, 2, 3}. 
Lemma 5.2. There exists a TS(13, 2) (V ,B) which embeds a P(12, 3, 1) (U,D).
Proof. Let U = Z3 × Z4 and V = {∞} ∪ U . The block set D is given by
D= {[j0, j1, j2], [j0, j2, j3], [j0, j3, j1], j ∈ Z3} ∪ {[0i , 1i , 2i+3], [0i , 1i+1, 2i+2], [2i , 0i , 1i+3], [2i+1, 0i ,
1i+2], [0i+2, 2i , 1i], [0i+1, 2i , 1i+2], i ∈ Z4}.
The block setB is given byB={{x, y, z} : [x, y, z] ∈ D}∪{{j1, j2, j3}, j =0, 1, 2}∪{{0i , 2i+1, 1i+3}, {∞, 0i , 2i},
{∞, 1i , 2i}, {∞, 0i , 1i}, i ∈ Z4}. 
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Theorem 5.3. Let v ≡ 0, 4 (mod 12). Then there is a TS(v, 2) which embeds a P(v, 3, 1).
Proof. Lemma 5.1gives the case v=4. Let v > 4. Since v ≡ 0, 4 (mod 12), we have v/2 ≡ 0, 2 (mod 6). Let (U,G,C)
be a 3-GDD of type 2v/4 (see [1]). Let V = (U × {0, 1}) and deﬁne a collection of triples B as follows:
1. For each group g ∈ G construct, on the set (g×{0, 1}), a copy of a TS(4, 2)which embeds a P(4, 3, 1) (see Lemma
5.1) and place these triples in B.
2. Proceed as in (2) of Theorem 3.3.
It is easy to see that (V ,B) is a TS(v, 2) which embeds a P(v, 3, 1). 
Theorem 5.4. Let v ≡ 0, 4 (mod 12). Then, for v ≡ 0, 4 (mod 12), there is a TS(v + 1, 3) which embeds a P(v, 3, 1)
and, for v ≡ 4 (mod 12), there is a TS(v + 3, 3) which embeds a P(v, 3, 1).
Proof. By Theorem 5.3 there exists a TS(v, 2) which embeds a P(v, 3, 1). The conclusion then follows from
Lemma 2.3. 
The following theorem can be prove in a similar way as Theorem 3.6.
Theorem 5.5. Let v ≡ 0, 4 (mod 12). Then there is a TS(w, ), 2, which embeds a P(v, 3, 1) where:
1. w = v for  ≡ 0, 2, 4 (mod 6) and v ≡ 0, 4 (mod 12);
2. w = v + 1 for  ≡ 3 (mod 6) and v ≡ 0, 4 (mod 12);
3. w = v + 1 for  ≡ 1, 5 (mod 6) and v ≡ 0 (mod 12);
4. w = v + 3 for  ≡ 1, 5 (mod 6) and v ≡ 4 (mod 12).
6. Proof of Main Theorem for v ≡ 8 (mod 12)
Lemma 6.1. There exists a TS(v, 6) (V ,B) which embeds a P(v, 3, 1) for v = 8, 20, 32.
Proof.
v = 8: Let V=Z7 ∪ {∞}. The base blocks (mod 7) of D are [∞, 0, 3], [0, 1, 3]. The base blocks (mod 7) of B are
{∞, 0, 3}, {∞, 0, 1}, {∞, 0, 2}, {0, 1, 3}, {0, 1, 5}, {0, 2, 3}, {0, 1, 3}, {0, 1, 3}.
v = 20: Let (U,G,C) be a 3-GDD of type 4123 (see [1]). Let V = (U × {0, 1}) and deﬁne a collection of triples B
as follows:
1. For the group g ∈ G of size 4 construct, on the set (g×{0, 1}), a copy of a TS(8, 6)which embeds aP(8, 3, 1)
(see Lemma 6.1). For each group u of cardinality 2 construct, on the set (u × {0, 1}), a copy of a TS(4, 6)
which embeds a P(4, 3, 1) (see Lemma 5.1) and place these triples in B.
2. For each block {x, y, z} ∈ C construct, on the set {(x, 1), (x, 2)} ∪ {(y, 1), (y, 2)} ∪ {(z, 1), (z, 2)}, a copy
of a decomposition of 6K2,2,2 into triples which embeds a balanced decomposition of K2,2,2 into paths with
two edges (see Lemma 2.2) and place these triples in B.
It is easy to see that (V ,B) is a TS(20, 6) which embeds a P(20, 3, 1).
v = 32: Consider a 3-GDD (U,G,C) of type 44 and proceed as in the case of v = 20. 
Lemma 6.2. There exists a TS(v + 1, 2) (V ,B) which embeds a P(v, 3, 1) (U,D) for v = 8, 20, 32.
Proof.
v = 8: Let U = Z8 and V = {∞} ∪ U .
D={[0, 1, 3], [1, 2, 4], [7, 3, 5], [3, 4, 6], [4, 5, 7], [0, 6, 5], [1, 7, 6], [2, 0, 7], [0, 3, 6], [1, 4, 7], [6, 1, 5],
[7, 2, 6], [4, 0, 5], [5, 2, 3]}.
B={{x, y, z} : [x, y, z] ∈ D} ∪ {{0, 1, 2}, {2, 3, 4}, {∞, 0, 7}, {∞, 0, 4}, {∞, 1, 5}, {∞, 1, 3}, {∞, 2, 5},
{∞, 2, 6}, {∞, 4, 6}, {∞, 3, 7}}.
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v=20: Let U = {0, 1, 2, 3} × Z5 and V={∞} ∪ U . The base blocks of D (mod 5) are [00, 01, 03], [10, 11, 13],
[20, 21, 23], [30, 31, 33], [00, 10, 20], [00, 11, 22], [00, 12, 24], [00, 13, 21], [00, 14, 23], [00, 20, 30], [00, 21, 32],
[00, 22, 34], [00, 23, 31], [00, 24, 33], [00, 30, 10], [00, 31, 12], [00, 32, 14], [00, 33, 11], [00, 34, 13]. The base
blocks ofB (mod 5) are {00, 01, 03}, {10, 11, 13}, {20, 21, 23}, {30, 31, 33},{00, 10, 20}, {00, 11, 22}, {00, 12, 24},
{00, 13, 21}, {00, 14, 23}, {00, 20, 30}, {00, 21, 32}, {00, 22, 34}, {00, 23, 31}, {00, 24, 33}, {00, 30, 10},
{00, 31, 12}, {00, 32, 14}, {00, 33, 11}, {00, 34, 13}, {20, 30, 10}, {20, 31, 12},{20, 32, 14}, {20, 33, 11},
{20, 34, 13}, {∞, 00, 01}, {∞, 10, 11}, {∞, 20, 21}, {∞, 30, 31}.
v = 32: Let (U,G,C) be a 3-GDD of type 44 (see [1]). Let V = {∞} ∪ (U × {0, 1}) and deﬁne a collection of triples
B as follows:
1. For the group g ∈ G of size 4 construct, on the set {∞} ∪ (g × {0, 1}), a copy of a TS(9, 2) which embeds a
P(8, 3, 1) (see case v = 8) and place these triples in B.
2. Proceed as (2) in Theorem 3.3.
It is easy to see that (V ,B) is a TS(33, 2) which embeds a P(32, 3, 1). 
Theorem 6.3. Let v ≡ 8 (mod 12). Then there is a TS(v, 6) which embeds a P(v, 3, 1).
Proof. Let v = 8 + 12h. By Lemmas 6.1, we may assume that v > 32. Let (U,G,C) be a 3-GDD of type 6h41. (see
[1]). Let V = (U × {0, 1}) and deﬁne a collection of triples B as follows:
1. For each group g of cardinality 6 construct, on the set (g×{0, 1}), a copy of a TS(12, 6)which embeds a P(12, 3, 1)
(see Lemma 5.1) and place these triples in B.
2. For the group u of cardinality 4 construct, on the set (u × {0, 1}) a copy of a TS(8, 6) which embeds a P(8, 3, 1)
(see Lemma 6.1) and place these triples in B.
3. Proceed as in (2) of Lemma 6.1.
It is easy to see that (V ,B) is a TS(v, 6) which embeds a P(v, 3, 1). 
Theorem 6.4. Let v ≡ 8 (mod 12). Then there is a TS(v + 1, 2) which embeds a P(v, 3, 1).
Proof. Let v = 8 + 12h. By Lemmas 6.2, we may assume that v > 32. Let (U,G,C) be a 3-GDD of type 6h41 (see
[1]). Let V = {∞} ∪ (U × {0, 1}) and deﬁne a collection of triples B as follows:
1. For each group g of cardinality 6 construct, on the set {∞} ∪ (g × {0, 1}), a copy of a TS(13, 2) which embeds a
P(12, 3, 1) (see Lemma 5.2) and place these triples in B.
2. For the group u of cardinality 4 construct, on the set {∞} ∪ (u × {0, 1}), a copy of a TS(9, 2) which embeds a
P(8, 3, 1) (see Lemma 6.2) and place these triples in B.
3. Proceed as in (2) of Theorem 3.3.
It is easy to see that (V ,B) is a TS(v + 1, 2) which embeds a P(v, 3, 1). 
The following theorem can be prove in a similar way as Theorem 3.6.
Theorem 6.5. Let v ≡ 8 (mod 12). Then there is a TS(w, ), 2, which embeds a P(v, 3, 1) where w = v for
 ≡ 0 (mod 6), w = v + 1 for  ≡ 1, 2, 3, 4, 5 (mod 6).
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